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In operator theory, one of the most important topics is local spectral theory. In the following we consider several properties in local spectral theory such as the single-valued extension property, property (*β*), property $\documentclass[12pt]{minimal}
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An antilinear operator *C* on *H* is said to be conjugation if *C* satisfies $\documentclass[12pt]{minimal}
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The following example provides an operator which is a \[3\]-complex symmetric operator but not a \[2\]-complex symmetric operator.

Example 1.1 {#FPar1}
-----------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$CTC= \bigl ( {\scriptsize\begin{matrix}{} 0&0\cr 1&0 \end{matrix}} \bigr )$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &(CTC)^{2}-2CTC.T+T^{2} \\ &\quad=\left ( \begin{matrix} 0&0\\ 1&0 \end{matrix} \right )^{2}-2\left ( \begin{matrix} 0&0\\ 1&0 \end{matrix} \right )\left ( \begin{matrix} 0&1\\ 0&0 \end{matrix} \right )+\left ( \begin{matrix} 0&1\\ 0&0 \end{matrix} \right )^{2} \\ &\quad=\left ( \begin{matrix} 0&0\\ 0&-2 \end{matrix} \right ). \end{aligned}$$ \end{document}$$ Hence *T* is not a \[2\]-complex symmetric operator.

On the other hand, since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &(CTC)^{3}-3(CTC)^{2}.T+3(CTC).T^{2}-T^{3} \\ &\quad =\left ( \begin{matrix} 0&0\\ 1&0 \end{matrix} \right )^{3}-3\left ( \begin{matrix} 0&0\\ 1&0 \end{matrix} \right )^{2}\left ( \begin{matrix} 0&1\\ 0&0 \end{matrix} \right ) \\ &\qquad{}+3\left ( \begin{matrix} 0&0\\ 1&0 \end{matrix} \right )\left ( \begin{matrix} 0&1\\ 0&0 \end{matrix} \right )^{2}-\left ( \begin{matrix} 0&1\\ 0&0 \end{matrix} \right )^{3} \\ &\quad =0. \end{aligned}$$ \end{document}$$ Hence *T* is a \[3\]-complex symmetric operator.

Example 1.2 {#FPar2}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in B(H)$\end{document}$ and *C* be a conjugation on *H*. If *T* is nilpotent of order *k*, then *T* is a \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2k-1$\end{document}$\]-complex symmetric operator with conjugation *C*. Indeed, since *T* is nilpotent of order *k*, it gives that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$CT^{j}C=T^{j}=0$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j\geq k$\end{document}$. Then since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{max}\{j,2k-1-j\}\geq k$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j \ (j=0,1,2,\ldots,2k-1)$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{j=0}^{2k-1}(-1)^{2k-1-j} \begin{pmatrix}2k-1\\j\end{pmatrix}CT^{j}C.T^{2k-1-j}=0. $$\end{document}$$ Hence *T* is a \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2k-1$\end{document}$\]-complex symmetric operator with conjugation *C*.

Example 1.3 {#FPar3}
-----------

Let *C* be a conjugation on *H* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R\in B(H)$\end{document}$ satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R=CRC$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$RQ=QR$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q^{k}=0$\end{document}$ for some *k*, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T=R+Q$\end{document}$ is a \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2k-1$\end{document}$\]-complex symmetric operator with conjugation *C*.

Indeed, we will show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{m}(T,C)=w_{m}(Q,C)$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\in\mathbb {N}$\end{document}$. It is clear if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m=1$\end{document}$. Suppose that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} w_{m-1}(T,C)={}&\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CT^{j}C.T^{m-1-j} \\ ={}&\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CQ^{j}C.Q^{m-1-j} \\ ={}&w_{m-1}(Q,C). \end{aligned}$$ \end{document}$$ Then, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$CRC=R$\end{document}$ and *R* commutes with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{m-1}(T)$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} w_{m}(T,C)={}&\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}CT^{j}C.T^{m-j} \\ ={}&CTC \left[\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CT^{j}C.T^{m-1-j} \right] \\ &{}- \left[\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CT^{j}C.T^{m-1-j} \right]T \\ ={}&CQC \left[\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CQ^{j}C.Q^{m-1-j} \right] \\ &{}- \left[\sum_{j=0}^{m-1}(-1)^{m-1-j} \begin{pmatrix}m-1\\j\end{pmatrix}CQ^{j}C.Q^{m-1-j} \right]Q \\ ={}&\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}CQ^{j}C.Q^{m-j} \\ ={}&w_{m}(Q,C). \end{aligned}$$ \end{document}$$ Since *Q* is a \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2k-1$\end{document}$\]-complex symmetric operator, i.e., $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{j=0}^{2k-1}(-1)^{2k-1-j} \begin{pmatrix}2k-1\\j\end{pmatrix}CQ^{j}C.Q^{2k-1-j}=0. $$\end{document}$$ Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T=R+Q$\end{document}$ is a \[$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2k-1$\end{document}$\]-complex symmetric operator with conjugation *C*.

\[*m*\]-complex symmetric operators {#Sec2}
===================================

Theorem 2.1 {#FPar4}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in B(H)$\end{document}$ *be an* \[*m*\]-*complex symmetric operator*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\in\sigma_{a}(T)$\end{document}$, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline{\lambda}\in\sigma _{a}(T)$\end{document}$. *In particular*, *if* *λ* *is an eigenvalue of* *T*, *then* *λ̅* *is also an eigenvalue of* *T*.

Proof {#FPar5}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\}$\end{document}$ be a sequence of unit vectors such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n\rightarrow\infty}(T-\lambda)x_{n} = 0$\end{document}$. Since *T* is an \[*m*\]-complex symmetric operator and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n\rightarrow\infty}(T^{k}-\lambda^{k})x_{n} = 0$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in\mathbb {N}$\end{document}$, it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} 0={}&\lim_{n\rightarrow\infty} \left(\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}CT^{j}C.T^{m-j}x_{n} \right) \\ ={}& C\lim_{n\rightarrow\infty} \left(\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}T^{j}\overline{ \lambda}^{m-j} \right)Cx_{n} \\ ={}& C\lim_{n\rightarrow\infty}(T-\overline{\lambda})^{m}Cx_{n}. \end{aligned}$$ \end{document}$$ Moreover, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{2}=I$\end{document}$, it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n\rightarrow\infty}(T-\overline{\lambda})^{m}Cx_{n}=0$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert Cx_{n} \Vert =1$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline{\lambda}\in\sigma_{a}(T)$\end{document}$. □

Theorem 2.2 {#FPar6}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in B(H)$\end{document}$ *be an* \[*m*\]-*complex symmetric operator*. *If* *T* *has property* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)\epsilon$\end{document}$ *at* *λ*, *then* *T* *has property* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)\epsilon$\end{document}$ *at* *λ̅*. *In particular*, *if* *T* *has property* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)$\end{document}$ *at* *λ*, *then* *T* *has property* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)$\end{document}$ *at* *λ̅*, *and if* *T* *has SVEP at* *λ*, *then* *T* *has SVEP at* *λ̅*.

Proof {#FPar7}
-----

If *T* has property $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)\epsilon$\end{document}$ at *λ*, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$CTC$\end{document}$ has property $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)\epsilon$\end{document}$ at *λ̅* by \[[@CR2], Theorem 4.3\]. Suppose that *T* is an \[*m*\]-complex symmetric operator. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}CT^{j}C.T^{m-j}=0. $$\end{document}$$ It follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in \mathrm{Helton}_{m}(CTC)$\end{document}$. Hence *T* has property $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\beta)\epsilon$\end{document}$ at *λ̅* by \[[@CR2], Theorem 5.3\]. □

We investigate the power $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T^{n}$\end{document}$ and the inverse $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T^{-1}$\end{document}$ of an \[*m*\]-complex symmetric operator *T* and show that the class of \[*m*\]-complex symmetric operators is norm closed.

Theorem 2.3 {#FPar8}
-----------

*Let* *C* *be a conjugation on* *H*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T\in B(H)$\end{document}$. *Then the following assertions hold*. (i)*If* *T* *is invertible*, *then* *T* *is an* \[*m*\]-*complex symmetric operator if and only if so is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T^{-1}$\end{document}$.(ii)*If* *T* *is an* \[*m*\]-*complex symmetric operator*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T^{n}$\end{document}$ *is also an* \[*m*\]-*complex symmetric operator for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in\mathbb {N}$\end{document}$.(iii)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{n}\}$\end{document}$ *is a sequence of* \[*m*\]-*complex symmetric operators such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n\rightarrow\infty} \Vert T_{n}-T \Vert =0$\end{document}$, *then* *T* *is also an* \[*m*\]-*complex symmetric operator*.

Proof {#FPar9}
-----

\(i\) Suppose that *T* is an invertible \[*m*\]-complex symmetric operator. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{2}=I$\end{document}$, it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} 0={}& \bigl(CT^{-m}C \bigr) \left[\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}CT^{j}C.T^{m-j} \right]T^{-m} \\ ={}&\sum_{j=0}^{m}(-1)^{m-j} \begin{pmatrix}m\\j\end{pmatrix}C \bigl(T^{-1} \bigr)^{m-j}C.T^{-(j)}, \end{aligned}$$ \end{document}$$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{j=0}^{m}(-1)^{m-j}\bigl ({\scriptsize\begin{matrix}{}m\cr j\end{matrix}} \bigr )C(T^{-1})^{j}C.T^{-(m-j)}=0$\end{document}$. Hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T^{-1}$\end{document}$ is also an \[*m*\]-complex symmetric operator.

\(ii\) Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl(a^{n}-b^{n} \bigr)^{m}={}&(a-b)^{m} \bigl(a^{n-1}+a^{n-2}b+a^{n-3}b^{2}+\cdots +b^{n-1} \bigr)^{m} \\ ={}&(a-b)^{m} \bigl(f_{0}a^{m(n-1)} +f_{1}a^{m(n-1)-1}b + f_{2}a^{m(n-1)-2}b^{2} \\ &{}+\cdots+ f_{m(n-1)}b^{m(n-1)} \bigr), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{i}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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We examine the nilpotent perturbations of an \[*m*\]-complex symmetric operator.

Theorem 2.4 {#FPar10}
-----------

*Let* *T* *be an* \[*m*\]-*complex symmetric operator with conjugation* *C* *and* *N* *be a nilpotent operator of order* *n* *such that* $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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Example 2.1 {#FPar12}
-----------
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                \begin{document} $$\begin{aligned} &(CTC)^{3}-3(CTC)^{2}.T+3(CTC).T^{2}-T^{3} \\ &\quad =\left ( \begin{matrix} 1&0&0\\ 0&1&0\\ \overline{m}&\overline{m}&1 \end{matrix} \right )^{3}-3\left ( \begin{matrix} 1&0&0\\ 0&1&0\\ \overline{m}&\overline{m}&1 \end{matrix} \right )^{2}\left ( \begin{matrix} 1&m&m\\ 0&1&0\\ 0&0&1 \end{matrix} \right ) \\ &\qquad{}+3\left ( \begin{matrix} 1&0&0\\ 0&1&0\\ \overline{m}&\overline{m}&1 \end{matrix} \right )\left ( \begin{matrix} 1&m&m\\ 0&1&0\\ 0&0&1 \end{matrix} \right )^{2}-\left ( \begin{matrix} 1&m&m\\ 0&1&0\\ 0&0&1 \end{matrix} \right )^{3} \\ &\quad =0. \end{aligned}$$ \end{document}$$ Hence *T* is a \[3\]-complex symmetric operator.
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                \begin{document}$N^{2} = 0$\end{document}$, it follows from Theorem [2.4](#FPar10){ref-type="sec"} that *T* is a \[3\]-complex symmetric operator.
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